JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 1, January-February 1997

p Controllers: Mixed and Fixed

Harald Buschek* and Anthony J. Calise’
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

A method is presented for the synthesis of fixed-order controllers with robustness to mixed real and complex
uncertainties. The capabilities of the method are demonstrated on a two-mass/spring benchmark problem and on a
flexible satellite example. Several fixed-order mixed p controllers are designed. A comparison with both full-order
and reduced-order controllers indicates that the method is capable of synthesizing low-order controllers achieving
robust performance levels similar to full-order designs, and superior to reduced-order controllers.

Introduction

VER the pastdecade modern robust control theory has revolu-

tionized multivariable controller design. H,, and p-synthesis
techniques consider multiple uncertainty sources at different loca-
tions in the plant, external disturbances, as well as performance
specifications when designing for robust performance.!~* Although
these techniques greatly simplify multivariable controllersynthesis,
they are accompaniedby the inherentdisadvantagethat the resulting
compensatoris of the same order as the generalizedplant. Frequency
dependent weights have to be included in the design framework to
achieve the desired performance characteristics and to account for
the structure in the uncertainty. Thus, the order of the generalized
plant is increased resulting in high-order controllers. When imple-
mented, large-order controllers can create time delays, which may
be undesirable. One solution to this problem is to use model order
reduction on the controllerrealization. This technique, though, does
not considerthe properties of the closed-loop system when reducing
the order of the controller and, therefore, robustness properties are
not guaranteed.

Another approach to avoid controllers of high dimension is to
constrain the order of the controller a priori in the design process.
The firstapplicationof fixed-order dynamic compensation to robust
control was developedin Ref. 4 with the introductionof the optimal
projection equations. This approach involves the solution of two
modified Riccati equations and two modified Lyapunov equations,
all coupled through an optimal projection operator. The optimal
projection approach is extended in Ref. 5 to a mixed H,/H,, prob-
lem where an H, overbound on performance is optimized while an
H,, boundis enforced simultaneously.Both homotopy methods.® as
well as Newton methods,” have been employed to solve the optimal
projection equations.

It was shownin Ref. 8 thatif eithera controlleror observercanon-
ical form description is imposed on the compensator structure, the
number of free parameters is reduced to its minimal number. Aug-
menting the compensator to the system, the problemis converted to
a static gain output feedback formulation. In Ref. 9, a differential
game approach was employed to derive the necessary conditions for
such a formulation,and a conjugate gradient algorithm was used for
the solution. Recently, homotopy methods have been employed to
synthesize fixed-order H,, H,,, and mixed H,/H,, controllers.'’

If multiple uncertainty sources are presentin the system, H,, con-
trollersare conservativebecausethey do notaccountfor the structure
in the uncertainty. The p-synthesis technique alleviates this prob-
lem but is still conservativein that only complex representationsof
uncertainty models are considered. For real parameter uncertainty
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this representationcan be conservative and may unnecessarily sac-
rifice robust performance. Therefore, developing methods of design
for variationsin real parametersis currently an activeresearch area.
One of the first approaches to account for both real parameter varia-
tions and unstructured uncertainty is given in Ref. 11, where robust
stabilizability conditions and a controller synthesis procedure are
derived for single input/single output systems. A method to intro-
duce real parameter uncertainty as additional noise inputs and addi-
tional weights is presented in Ref. 12. The approachis based on the
mixed H,/H,, formulationin Ref. 5 and accounts for the parameter
uncertainty via the H., bound. However, the method is conservative
because the additional noise inputs and additional weights are not
equivalent to the given real parameter uncertainties. The notion of
positiverealness and a bilinear sector transformare used in Refs. 13
and 14 to approach the problem of real parameter uncertainty. The
D-scales of complex p-synthesis are replaced by the so-called gen-
eralized Popov multiplier matrix capturing both real and complex
uncertainty effects. Similar to the D-K iteration in p-synthesis,
an iterative controller design scheme is formulated. The authors
are currently reformulating their problem as a bilinear matrix in-
equality feasibility problem for which no global solution presently
exists.'> Another approach using absolute stability theory to intro-
duce real parameter uncertainty is described in Refs. 16 and 17.
Based on the mixed H,/H,, framework in Ref. 5, robust controllers
are designed by optimizing an H, overbound while an analysis test
based on a Popov stability multiplier is enforced to account for real
uncertainty. Absolute stability theory is used, which allows a char-
acterization of the uncertainties in the system parameters as sector
bounded nonlinearities. As in Ref. 5, both full- and fixed-order con-
trollers can be designed with this procedure. The fixed-orderdesign
results in additional coupling in the design equations along with an
additional equation. Because of the nature of the formulation, the
compensatormatrices and the Popov multiplierare optimized simul-
taneously when minimizing the H, performance bound. Extensions
toward the inclusion of monotonic and odd monotonic nonlineari-
ties to reduce conservatismeven further are describedin Ref. 16. As
a consequence, the resulting stability multipliers are more complex
leading to rather intricate expressions for controller synthesis.

A third approachto introducereal parameter uncertaintyemploys
a differential game formulation where uncertain system parameters
together with external disturbancesand initial states try to maximize
a performance index.'® The resulting controller provides internal
stabilityand robustnesstoward real parametricuncertaintyin a given
set. In Ref. 19 the so-called G-scales matrices are introduced in
addition to the D-scales to refine the upper bound on the structured
singular value u in case of mixed real/complex uncertainties. A
linearmatrix inequalityapproachis chosenin Ref. 20 tocomputethis
upper bound, whereas in Ref. 21 standard optimization techniques
are employed in conjunction with branch and bound schemes. More
recent results extend the analysis to the synthesis problem by using
a D,G-K iteration??

In this paper, a new approach to p-synthesis is presented by
combining a fixed-order controller design technique with the real/
complex pu-synthesis procedure from Ref. 22. The resulting p
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controllers possess the inherent advantages that they are of fixed
order and are robust to mixed real/complex uncertainties. The prob-
lem formulationis given in Sec. II together with some details on the
numerical solution procedure. In Sec. III, some key features of the
mixed real/complex p-synthesis method are presented, and the inte-
gration of the fixed-orderalgorithmis described. A two-mass/spring
benchmark problemand a flexible satellite example are investigated
in Sec. IV to illustrate the capabilities of the method. Conclusions
are presented in Sec. V.

Fixed-Order Controller Design
Problem Formulation
For a standard control problem, the generalized plantis given by

x = Ax+ B,w + Bu (1)
z=Cix+ Du )
y = GCx + Dyyw + Dyu (3)

where x € R" is the state vector, w € R"" is the disturbance
vector,u € R"™ is the control vector, z € R" is the performance
vector, and y € R™ is the observation vector. It is assumed that
(A, By, Cy)isstabilizableand detectable, (A, B,, C,) is stabilizable
and detectable, D, has full column rank, and D,, has full row rank.
In controller canonical form,® the compensator is defined as

x. = P+ Nu,— N )
u.= _Px(: (5)
u=—Hx, (6)

wherex, € R"andu, € R™. P and H are free-parametermatrices,
and P° and N° are fixed matrices of zeros and ones determined by
the choice of controllability indices v; as follows:

P® = blockdiag{ P}, ..., P} } (7)
PO = 1 i=1,...,ny (8)
N° = block diag{[0 o .} i=L...ny ©

The controllability indices v; must satisfy the following condition:

Zv,-znc i=1,...,ny (10)
Figure 1 shows the structure of such a controller. With this formu-
lation, the compensator states can be absorbed into the generalized

plant. Let
x u

The augmented system is defined by

A U O o 07
YTl onoe, PO oDy, | =NoDy N0 |

= Ax+ Bjw+ Bou (12)

z=[C; Olx+[D;, Olu

= C\%¥+ Dyt (13)

F=[0 Ilx=0Cox (14)
u—= " y = —Gy 15)
w=—|p [¥=70y (

Equations (12-15) define a static gain output feedback problem
where the compensatoris represented by a minimal number of free
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Fig.1 Compensator in controller canonical form.
parametersin the design matrix, G. The closed-loopsystemis given
by

X =(A—B,GC)x+ Biw
= Ax + Bw (16)
z=(C, — D;,GC,))x = Cx (17)
In the H,, problem, the objective is to minimize an overbound y

on the co-normof the closed-looptransferfunctionfromdisturbance
inputs w to performance outputs z given by

T,, =C(sI —A)'B (18)

InRef. 9, adifferential game formulationtogether with a worst-case
disturbancemodel was used to derive the fixed-order H, optimiza-
tion problem

[min {7,6)=u{0..BB"}} (19)

where G, = {G € R +m)xne Aisstableand || T, |lo < ) and
QO is the positive semidefinite solution of

ATQu + QA+ CTC+y 20 BB" Q. =0  (20)

To obtain the H,-optimal compensator, the Lagrangian is defined
as

L(Quw.L,G) =tr{ O BB" + (ATQo + QA+ C7C

+y2Q.BBT Q. )L} 1)
where L represents the Lagrangian multiplier. Matrix gradients are
taken to determine the first-order necessary conditions for an H,-
optimal fixed-order controller

%:(A—HﬁzéérQw)L
+L(A+y*21§érQw)T+E1§T=O (22)
g_f AT+ QA+ CTC+y 20 BB 00 =0 (23)
oL

= 2(D!,D\,GC, — DI,C) — B0 )LCT =0  (24)

A similar approachhas been used in Ref. 10 to derive the necessary
conditions for the H, and the mixed H,/H, problem,also for fixed-
order controllers.

A conjugate gradient method was used in Ref. 9 to solve the
fixed-order H,, problem. However, a shortcoming of conjugate gra-
dient algorithms is that convergence slows down near the optimum.
Also, a starting guess is required for the compensator gain ma-
trix, which stabilizes the closed-loop system. In this study, a homo-
topy method is employed to design fixed-order H, controllers. This
method greatly simplifies the problem of finding an initial stabiliz-
ing controller. Additionally, the prediction/correction scheme used
in a homotopy algorithmallows for a naturally automated procedure
to synthesize fixed-order controllers.

Homotopy Algorithm

Ahomotopy method is employed to calculatethe fixed-ordercon-
troller design. For details regarding the use of homotopy methods,
the reader should consult Refs. 6 and 23. The particular equations
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arising from the implementation of the fixed-order formulation in
the homotopy framework are provided in Ref. 10.

Homotopy methods begin with a simplified version of the origi-
nal problem, which has a known or easily calculated solution. This
starting guess is then gradually deformed until the solution of the
original problemis obtained. In the homotopy algorithm employed,
an initial guess for the compensator gain matrix G, is obtained by
a full-order, low-authority H, design. It has been observed numeri-
cally that order reduction techniques, although not always reliable,
work best for low-authority linear quadratic Gaussian controllers ®
However, if the open-loop system is unstable, order reduction tech-
niques are not reliable even for low-authority H, designs. Thus,
it may be required to shift individual poles of the system into the
left-half plane to obtain a reducible H, controller. This controlleris
then reduced to the desired order using a balanced order reduction
scheme®** and subsequently transformed into controller canonical
form.?

The philosophy of imposing a canonical form on the compen-
sator structure minimizes the number of free parameters but can
also lead to numericalill-conditioningof the problem.® A balancing
transformation* which does not affect the controller characteris-
tics, relaxes the strict structurein the P° and N° matricesin Egs. (7-
9) and improves the conditioning of the problem considerably.

In the H, problem, the homotopy transforms the gain G, of the
low-control authority H, design for a stable system to the gain G,
of a full-authority H, design for a possibly unstable system. This is
done by gradually deforming the weights on control cost and mea-
surement noise, as well as the system A matrix, while proceeding
along the homotopy path until the desired problem formulation is
recovered.

Because the same procedure to find an initial guess is employed
in the H,, problem, an H, homotopy has to be completed first to
restore the original problem. Then, a second homotopy is appended
to perform the H,, design. The upper bound for ||7,, ||, ¥, is re-
duced from an initial value (greater than the co-norm of the H,
design) toward its minimal value for which a controller exists such
that || 7., |l < y. The entire procedure is illustrated in Fig. 2. For
an H, design, the procedureis stopped after the first homotopy path
Gy — G,, whereas a second homotopy G, — G reduces y in
an H,, design. In principle, it is possible to use a direct homotopy
from Gy to G while simultaneously deforming the weights and

H; full erder design

low control authority
stable open loop system

i

controller order reduction starting
guess
transformation into
canonical form
balancing
H
G, |:1'|xed order } 1 homotopy G I: ﬁxed}:)zrder
low authority -+ el 2 | full suthority
stable (l’%('n:‘;’rgi:)‘s / pos. unstable

2nd
homotopy
¢]

pos. unstable

Hg,
G fixed order
Q0| full authority

Fig.2 Homotopy procedure for designing fixed-order H., controllers.

y. However, the transition low-to-full authority and/or stable-to-
unstable open-loop system always has to be completed to obtain the
desired plant, whereas the minimum value of y that can be achieved
is usually not known beforehand. Thus, the proposed two-step pro-
cedure is more feasible for practical purposes.

Homotopy algorithms are rather sensitive to numerical ill-
conditioning. If the plant and the adjoined weighting functions are
not well defined or of large order, the Hessian matrix can exhibit
significant ill-conditioning. Because the inverse of the Hessian is
used in both the prediction and the correction step of the homotopy
procedure, it is of importanceto define a reasonablesystem. The size
of the Hessian matrix is determined by the number of control inputs
nu, the number of measurements ny, and the number of controller
states nc. The relationship

ny, = [(nu +ny) - nel? 25)

defines the number of elements in the Hessian matrix. This illus-
trates that for large systems with many control and measurement
signals as well as for large controllers the possibility of an ill-
conditioned Hessian arises. Nevertheless, a successful homotopy
requires robustnessto nearly singular and/or indefinite Hessian ma-
trices. Methods to robustify the Hessian matrix and to improve the
conditioning of the algorithm are described in detail in Ref. 26.

New Approach to p-Synthesis
Mixed Real/Complex p:-Synthesis

An in depth discussion of mixed real/complex p-analysis and
synthesis using D,G-K iteration is presented in Refs. 19, 21, and
22. Hence, only some key features are reviewed.

Consider the robust performance problem depictedin Fig. 3. The
definition of the structured singular value u depends on the under-
lying block structure of the uncertainties. The following types of
uncertainties are considered: possibly repeated real scalars 8", pos-
sibly repeated complex scalars ¢, and full complex blocks A€. In
-synthesis, it is desired to design a controller K achieving

inf sup u[M(P, K)(jow)] (26)

KelKs R

where p is the structured singular value, M (P, K) is the linear
fractional transformation of the plant P and the controller K, and
Ks is the set of all real-rational, proper controllers that nominally
stabilize P. Unfortunately, the structured singular value cannot be
calculateddirectly. To formulate an upper bound on (M), two sets
of block diagonal frequency dependent scaling matrices D and G
are defined. The upper bound on 1 is then given as'®

(M) < inf inf {B:0 bMD G
in in ro|l| ————
’ ~ peD geR B J
GeG B>0

x(I+G2)%:| < 1} 27

where o (-) denotes the maximum singular value. The p-analysis
problem in Eq. (27) can be combined with Eq. (26) to form the

A
e T d
: p ~ W
¥y u
: K !
. ' M(P,K)

Fig.3 Framework for robust control design.
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mixed p-synthesis problem

inf su inf inf w): I'<1 28)
KeKs we% Dw)eD pweR th@) }
GweG Bw=>0

where

{ [D(w)M(P, K)D™'(w)
=0 —
B(®)

jG(w)} [+ Gz<w>]%}

(29)

As in complex pu-synthesis, the problem of finding optimal D(w),
G(w), and B(w) for a given controller K is quasiconvex. Real-
rational transfer matrices D(s) and G(s) are fitted to D(w) and
JG(w) and augmented to the plant in such a way that the resulting
interconnectionis stable. This involves state-space factorizationsas
described in Ref. 22. Holding D, G, and B fixed, the problem of
finding K is reduced to a standard H,, problem, which is convex in
the full-order case. The overall procedure, however, is not convex.
Thisleadsto aniterativeapproachdenoted D,G-K iteration®> where
alternately optimal full-order H,, controllers for constant scaling
matrices and optimal scalings for a constant controllerare designed
until achievable robust performance cannot be improved anymore.

Designing Mixed « Controllers of Fixed Order

As shown in the preceding section, H,, controller design is a
subproblemin mixed p-synthesisusing D,G-K iteration. The aug-
mentation of the transfer matrices D(s) and G (s) to the generalized
plant increases the dimension of the problem and, subsequently,
the dimension of the full-order controller. By replacing the full-
order H,, controllerdesign in the D,G-K iteration procedure with
the fixed-order technique described earlier, i controllers of signifi-
cantly lower order can be synthesized.

A critical step in the fixed-orderdesign techniqueis obtaining the
initial guess for the fixed-order compensator to start the homotopy
procedure. Because a full-order mixed p controller is usually de-
signed first to determine the lowest possible upper bound on mixed
 that can be achieved, an attempt can be made to reduce this full-
order design to the desired order using an order reduction scheme.
If this reduced-ordercontroller stabilizes the closed-loop system, it
is used as a starting guess for the fixed-order algorithm. Because
the reduced-order compensator already represents an H,, design,
the homotopy procedure is entered at the position of G, in Fig. 2,
and the algorithm is used to improve over the reduced-order con-
troller. However, the D- and G-scales have been optimized for a
full-order design and may not be representative for a lower-order
controller. This may result in a possibly conservative design, and
additional D,G-K iterations with fixed-order controllers may need
to be performed to obtain the suboptimal design. In this case, the
fixed-order compensator is used to compute new D- and G-scales
and serves as a starting guess for the homotopy algorithm for a new
fixed-order controller synthesis using the improved scaling matri-
ces. These fixed-order D,G-K iterations are repeated until there is
no further improvement.

If order reductionof the full-order mixed u controllerresultsin a
compensator that is not internally stabilizing, the entire fixed-order
design procedure beginning with an H, compensator as shown in
Fig. 2 needs to be performed. The H, design can be obtained either
for the augmented system from the full-orderdesign, which contains
D- and G-scales, or for the original generalized plant. In the first
iteration, the homotopy algorithm starts with the H, controller as
initial guess. In subsequent D,G-K iterations, the previous fixed-
order controller is used to start the code.

An alternative to starting with an H, controller (when order re-
duction of the p design to the desired order fails) is to reduce the p
controllerto a higherorder for which the reduced controlleris inter-
nally stabilizing. As an intermediateresult, thisreduced  controller
servesas astartingguess for a fixed-orderdesignas describedearlier.
Once the fixed-order design is optimized, an attempt can be made
to further reduce this fixed-order controller to the desired order or,
if necessary, to another intermediate higher-orderdesign. Similarly,
it can happen that order reduction succeeds in providing an inter-
nally stabilizing controller that is of lower order than desired. This

controller can also serve as a starting guess for a higher fixed-order
design. Additional states can be augmented to achieve the desired
controller order while a zero block at the correspondinglocationin
the output matrix maintains the transfer function characteristics of
the initial stabilizing lower-order controller.

Another possibility to obtain a low-order starting guess is to de-
sign a pu controller with constant D-scales. This provides initial
information about the uncertainty structure without increasing the
number of states over a full-order H,, design.

In the ideal case it is expected that all approaches achieve the
same level of robust performance, no matter which starting guess
procedure for the fixed-order D,G-K iteration is used. However,
since fixed-order controller design has not been proven to be con-
vex, different initial guesses may result in different local optima.
Also, numerical difficulties associated with the homotopy algorithm
may prevent a design that is close to the optimum, especially when
multiple fixed-order D,G-K iterations are performed. Thus, start-
ing with areduced-ordermixed p design is preferred because it has
been observed that only a few additional iterations are required to
obtaina suboptimal fixed-order u controller.In case of an H, design
basedstarting guess, using the augmented plantcan have advantages
becauseless D,G-K iterations are required than when starting with
the generalized plant and no a priori available information on the
uncertainties.

Design Examples
Benchmark Problem
A simple yet meaningful benchmark problem for robust control
design was introduced in Ref. 27. Consider a two-mass/spring sys-
tem, which is a generic model of an uncertain dynamic system with
noncollocated sensor and actuator. The system dynamics are given
by

X 0 0 1 0 X
X5 0 0 0 1 X5
o | | =k/m kim0 0| ] x
X4 k/my —k/my, 0 O X4
0 0
+ 0 w + 0 (30
0 1/m,
1/m, 0
=X 31
y=x+v (32)

where x; and x;, are the positionsof body 1 and body 2, respectively;
x3 and x4 are the velocities of body 1 and body 2, respectively; w
is the disturbance acting on body 2; u is the control input acting on
body 1; z is the output to be controlled; y is the measurement; and
v is the sensor noise. The masses of the bodies are m; and m,, and
the spring constant is k. Their nominal values are m; = m, = 1
and k = 1. The design specifications in Ref. 27 require that for a
unit impulse disturbance exerted on body 2, the controlled output
has a settling time of about 15 s for the nominal system, and that the
closed-loop system be stable for 0.5 < k <2.0andm; =m, = 1.
Additionally, the closed-loop system should be insensitive to high-
frequency sensornoise and reasonablecontrol effort should be used.

A complex pu-synthesis design for this problem was performed
in Ref. 28. The weights chosen in Ref. 28 are also selected in this
study. They are

w, =1, W, =0.01

(33)
W, =15, W, = 0.06
where W, is the weight on the disturbance w, W, is the weight on
the sensor noise v, W, is the weight on the control u, and W, is
the weight on the performance variable z. The uncertainty in the
spring stiffness k is representedby a scalar perturbationto the nom-

inal model. This perturbationcan be rearranged to obtain input and
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Fig.4 Generalized plant for benchmark problem.

output quantitiesd, and e, . The matrices Ba, Ca, and D, can be
chosen from the uncertain model

x = Ax + Bu + B,d, en =Cpxx+ Dpu 34
34

y=Cx+ Du dy = Aey

If a scaling has been applied so that the values of A range between

—1 and 1, Eq. (34) represents the set of all possible models. For the

case of uncertainty in k, the uncertainty matrices are

By=[0 0 —1/m; 1/mj" (35)
Ca=[1 =1 0 0] (36)
D,=0 (37)

A=6 (38)

To achieve 0.5 < k < 2.0, the nominal value of k for robust control
design is selected to be k, = 1.25, and the uncertainty weight is

Ws =0.75 (39)

whichnormalizesthe uncertainty,i.e.,, € [—1 1]. The generalized
plantisillustratedin Fig. 4. A characteristic feature of the design in
Ref. 28 is that the performance block was chosen to be a diagonal
matrix with two independent 1 x 1 blocks. This decouples the per-
formance specifications that u be small and that z respond quickly to
aunitimpulsein w. The generalized plantremains the same for both
the complex and the mixed p designs. The additional information
on the real parameter uncertainty is captured exclusively by the G-
scales matrices of the mixed p-synthesis procedure. Although only
real parameter uncertainty is present in this example, it still con-
stitutes a mixed p problem: augmenting the complex performance
block to the uncertainty in the robust performance problemrecovers
the mixed p formulation.

In a first design step, both full-order complex and mixed u
controllers were synthesized. The 12th-order complex p design
achieved a peak value of the upper p bound of u = 1.321. Ad-
ditional states due to the G-scaling matrix resulted in a 16th-order
mixed p controller, which could improve over the complex one, and
achieved a peak value of 0.891 for the mixed upper p bound. To
illustrate the benefit of the mixed w approach, the time responses
of the closed-loop systems with the full-order controllers for a unit
impulse disturbance on body 2 are shown in Fig. 5. The initial
deflection of body 2 is considerably smaller when the mixed p con-
troller is implemented. Moreover, the responses are similar for all
values of the spring stiffness kK when the mixed u controlleris used,
whereas the complex design results in significant oscillations for
k = 0.5. Neither controller is quite able to satisfy the 15-s settling
time requirement, which is somewhat inconsistent with the results
in Ref. 28. However, because certain specific details of the design
procedure could not be compared with Ref. 28 (e.g., order of the
D-scales used, tolerance in bisection steps in H,,, design, etc.), this
discrepancy is acceptable. The control responses for the nominal

35 T T T T T r T
3 complex
25 - - k=05
— k=1
2r k=2
1.5}
I AN
/ A
05 i \
i A
_ ! A
0 S S
/ \ |
-0.5 ! ! 2
\ / 3 / \ ;
\ ! ' / A J
1 N A ; N d
- N
15 ! 1 . . . .
0 5 10 15 20 25 30 35 40

time [s]

Fig. 5 Position of body 2, full-order controllers and varying spring
stiffness k.
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Fig. 6 Control effort of full-order controllers for nominal system,
k=1.

system (k = 1) for both controllers are shown in Fig. 6. The control
effort is significantly reduced for the mixed p design.

Employing a balanced model reductionscheme, the mixed p con-
troller could be reduced to third order. This increased the peak value
of the upper  boundto u = 3.622. Using this reduced u controller
as a starting guess for the fixed-order algorithm described in the
preceding section, a fixed third-order mixed p controller could be
designed achieving a peak value of u = 0.914. Only one additional
fixed-order D,G-K iteration was necessary to recover the perfor-
mance level of the full-order controller. The upper © bounds are
illustrated in Fig. 7. The improvement of both full- and fixed-order
mixed u designsover the complex p controlleris clearly visible. Fig-
ure 8 shows the time responses for the same unit impulse acting on
body 2, now with the third-ordermixed p controllers implemented.
The reduced-order controller leads to considerable oscillations for
all values of k and exhibits the trend to a steady-state error. The
fixed-order controller, however, reproduces the full-order response
from Fig. 5. Accordingly, the control response for the fixed-order
controller is similar to the full-order mixed p response in Fig. 6,
whereas the control response of the reduced third-order design ex-
hibits stronger oscillations (not shown).

All u controllers guarantee robust stability for an allowable vari-
ation in the spring stiffness of 0.5 < k < 2.0. However, the actual
range of k for which the closed-loop system is stable will usually
be larger. The root locus plot in Fig. 9 of the closed-loop system
poles for a varying spring stiffness k when the fixed third-order
mixed p controller is implemented reveals that the system is ac-
tually stable for 0.36 < k < 4.32. This constitutes a significantly
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larger range of k for which the system can be stabilized with the de-
signed controller than originally required. The closeness of actual
and guaranteed stability bounds for small values of k indicates that
a reduction in k is harder to achieve without loosing closed-loop
stability than an increase. A comparison with the reduced fourth-
order complex w controller in Ref. 28 shows that this controller
stabilized the system for 0.46 < k < 6.8. In Ref. 17, a Popov con-
troller consideringreal parameter uncertainty in k was designed for
the same system. This controller was also fourth-orderand achieved
closed-loopstability for 0.45 < k < 2.05. This shows that the fixed

third-ordermixed p controllercompares well with previousdesigns
and is able to improve upon the more critical lower stability bound
for k.

The benchmark problem illustrates two significant benefits of the
controller design procedure: 1) the mixed pu-synthesis method is
able to improve over complex u-synthesis and 2) the fixed-order
mixed @ controller improves over a corresponding reduced-order
design. The resulting fixed-order mixed p controller recovers full-
order robust performance levels while considerably reducing con-
troller complexity from 16 to 3 states.

Flexible Satellite Example

The second example is a robust attitude control system design for
a flexible spacecraft, which is taken from Ref. 29. In this problem,
the actuators and sensors are collocated. Focusing on the yaw axis
only, the model dynamics are

Mz+Dz+ Kz = Bu (40)
wherez = [z, z,]” andz, is the yaw angle displacementin radians,

Z, isthe modal displacementused to representthe flexible dynamics,
and u is the control torque in inch-pounds. The coefficient matrices
[77511 248.1 }

are
0 0
D=
248.1 1 0 0.002288

P 0 0 5 1
0 0.098696 “lo

Augmenting the model by the integral of z; and rewriting it in first-
order form leads to the system

(41)

X = Ax+ Bu (42)
where
T
x=|:zr z" /zl dt:|
and
0242 I, 0rx1
A= —M71]C —M71D Ole (43)

[1 0] 01 x2 0

02><1
B=| M'B (44)
0

The measured variables are

T
y= |:Z1 21 /Z] dl‘:|

The purpose of the attitude control system is to maintain satellite
pointing accuracy during a station keeping maneuver. The system
specifications consideredin this design are 1) to maintaina 0.02 deg
(3.5 x 107 rad) pointing accuracy for a 1.0-in.-Ibfstep disturbance
torque at the plant input and 2) to maintain this pointing accuracy
in the presence of a 25% variation in the structural frequency due
to uncertainty in the stiffness matrix.

It was shown in Ref. 29 that for this example a 25% variation
in the structural frequency is represented by a stiffness variation of
0.053296 < k < 0.154953, where k is the only nonzero element in
K. Therefore, the nominal value of k for robust control design was
selected to be ky = 0.104124 and the uncertainty weight is

W;s = 0.050829 (45)
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According to the framework in Eq. (34), the uncertainty matrices
are

By=[0 0 mp my O]T (46)
Cao=[0 1 0 0 0] 47)
D,=0 (48)

where m, and m,, are the (1, 2) and (2, 2) elements of —M™!,
respectively. The weights reflecting the performance specifications
are selected to be

Wr =1 (49)

W, = diag[400 1 20] (50)
W, = 0.1 51)
W,=10"%.1, (52)

where Wy is the weight on the torque disturbance at the plant input,
W, is the performance weight on the measured variables y, W, is the
weight on the control #, and W, is the sensor noise on the measured
variables y.

As in the previous example, full-order complex and mixed @
controllers were designed first. The peak value of the (scaled) up-
per 1 bound of the complex design was u = 0.923. The mixed n
controller could again improve over this result and achieved yu =
0.768. Controller complexity, however, increased from 11 states of
the complex controllerto 17 states of the mixed design. Using var-
ious order reduction schemes, the lowest order for which a reduced
mixed p controller was internally stabilizing was seven. The upper
o value of the reduced-order design was u = 1.091, indicating a
loss in robust performance. Using the reduced controller as a start-
ing guess for the fixed-orderdesign, full-orderperformancecould be
fully recovered and the fixed seventh-ordercontroller also achieved
= 0.768. Because even this seventh-ordercontroller could not be
reduced any further without loosing internal stability, an alternative
was to design a complex p controller with constant D-scales. This
resulted in a fifth-order complex w controller achieving u = 0.945.
Combining this controller with the augmented generalized plant
from the full-order mixed p design containing D- and G-scales as

Table 1 Peak values of upper 1 bounds for full-, reduced-,
and fixed-order p controllers, satellite example

Complex u, full Mixed pu, full  Mixed u, Mixed pu,
(number of states) (number of states) reduced  fixed

Full order 0.923(11) 0.768 (17) — —
Seventh order —_ —_ 1.091 0.768
Fifth order 0.945 —_ unstable  0.776
1 : .
o8} ]

magnitude
o
o

e
>

— full order mixed (17 states)
0.21 |- — 7th order mixed

+—+- 5th order mixed

e full order complex (11 states)

o .
10"

frequency [rad/s]

Fig. 10 Upper p bounds for flexible satellite example.
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Fig. 11 Yaw angle displacement for full-order complex p« and fixed
fifth-order mixed p designs, +25% variation in structural frequency.

a starting guess for the fixed-order procedure, a fixed fifth-order
mixed p controller was obtained that could also recover the robust
performance level of the full-order mixed p design by achieving
= 0.776. The p values of all designs are summarized in Table 1.
Figure 10 illustrates the the upper p bounds of the closed-loopsys-
tems with the full- and fixed-order controllers implemented. The
improvement of the mixed over the complex p designs is obvious,
and it can be observed how the fixed-order controllers recover the
full-order performance.

Figure 11 shows the yaw angle displacementfor a 1.0-in.-1bfstep
disturbancetorque for the full-order complex p designand the fixed
fifth-ordermixed u design. Both designs satisfy specifications 1 and
2. The mixed p controller, however, reduces the amplitude of the
displacementand achieves a slightly shorter settling time indicating
improved robust performance.

The results of the flexible satellite example confirm the findings
on the benchmark problem. The mixed p controllersreduce conser-
vatisminrobustcontroldesignbuttend to be of relativelylarge order.
The fixed seventh-ordercontrollersynthesized with the new method
is able to improve over a correspondingreduced-orderdesign. More-
over, a fixed fifth-order controller could be designed whereas a re-
duced fifth-order controller was not internally stabilizing.

In an extension to the results presented in this paper, a compre-
hensive robust control study has been carried out for a hypersonic
vehicle in Ref. 30. Flight controllers as low as fifth-orderhave been
designedfora47th-ordergeneralizedplant with negligiblesacrifices
in robust performance.

Conclusions

A new method to synthesize fixed-order robust controllers for
mixed real/complex uncertaintieshas been presented. The benefit of
the new method is its ability to constrain the order of the controller
a priori in the design process. Applications to a two-mass/spring
benchmark problemand a flexible satellite example confirm the use-
fulness of the method. In both cases, mixed p controllersare shown
to improve over the achievable robust performance levels of com-
plex n designs. However, these controllers tend to be of relatively
large order. The fixed-order mixed p controllers synthesized with
the presented method are of considerably lower order and closely
approximate the robust performance measures of the full-order de-
signs. They are in general superior to corresponding reduced-order
designs.
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